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Abstract
In this work the properties of Q-balls in the complex signum-Gordon model in d
spatial dimensions is studied. We obtain a general virial relation for this kind of Q-
ball in the higher-dimensional spacetime. We compute the energy and radii of Q-ball
with V-shaped field potential as a function of spatial dimensionality and a parameter
defining the model potential energy density to show that this kind of Q-balls can also
be survive stably in the high-dimensional spacetime.
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The nontopological solitons possess a conserved Noether charge because of a symmetry of
the Lagrangian of system in contrast to the topological charge resulting from the spontaneous
symmetry breaking in the case of topological defects [1, 2]. As nontopological solitons Q-balls
appear in extended localized solutions of models with certain self-interacting complex scalar field
[3]. Their stability is associated with their charge Q and that their mass is smaller than the
mass of a collection of scalar fields. The unbroken continuous globally symmetry like U(1) is also
possessed. The standard models have the smooth potentials near their absolute minima, so they
hold exponential tails and interact with each other. Such solitons are physically universal and have
been studied in several subjects like dark matter [4-6], condensed matter physics [7] and so on. The
Q-balls have also attracted much attentions in cosmology [8-11]. The Boson stars can be considered
as solutions of complex scalar field models couple to gravity [12-19]. The general nontopological
solitons have also been explored in de Sitter and anti de Sitter spacetimes respectively [20, 21].
There is plenty of motivation to research on the nontopological soliton models in the higher-
dimensional spacetimes. The issue of higher-dimensional spacetime can help us to unify the inter-
actions in nature with extra compactified dimensions and to solve the hierarchy problem with an
additional warped dimension [22-25]. The signatures of these extra dimensions may be explored in
various directions. The properties of high-dimensional world also dominate the structure and the
stability of various kinds of nontopological soliton models including Q-balls. We can search for the
dependence of Q-balls configuration and energy subject to a finite charge on the spatial dimensions.
Q-balls may survive well in a precompactification world while modify the structure of the vacuum.
Studying the Q-balls in the Universe with more than four dimensions certainly help us to probe
the background with additional spatial dimensions.
A new kind of interesting nontopological solitons was put forward [26] and some important
efforts have been contributed [27]. The so-called complex signum-Gordon model has the field
potential with sharp bottom rather than wholely smooth one. Further the V-sharped field potential
can be denoted as U(φ) = λ|φ|, where λ is positive constant and φ is a complex scalar field. The
inverted-conical-shaped potentials are certainly different from the case of other nontopological
solitons with potential involving higher order of fields. There exist the Q-balls in the complex
signum-Gordon model, which are stationary and whose energy is finite while their scalar field,
energy density and charge density approach to the zero outside the ball region. It should be
pointed out that these Q-ball solutions are simpler than the others. The boson stars and black
holes in scalar electrodynamics with a V-shaped scalar potential are considered [28]. The spacetime
around this kind of boson stars consists of a Schwarzschild-type black hole in the interior and a
Reissner-Nordstrom-type spacetime in the exterior appears.
It is significant to study the compact Q-balls in the complex signum-Gordon model in higher-
dimensional spacetimes by means of virial theorem. The task for exploring the Q-balls with V-
shaped field potential in the four-dimensional background [26-28], but the properties of this kind of
Q-balls in the higher-dimensional spacetimes have not studied in detail. A generalized virial relation
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for Q-balls involving general smooth potentials like V (φφ+) =
∑∞
n=1 an(φφ
+)n with constants an
and integer n in d spatial dimensions was obtained and how spatial dimensionality affects some of
the key properties of Q-balls such as their energy, minimal charge and size was also declared [29].
We will study the same kind of Q-balls in the high-dimensional spaacetime by means of the method
from Ref. [29]. We should utilize the virial theorem to bring about the necessary conditions on the
complex signum-Gordon model while find the model’s conserved charge Q and energy associated
with the dimensionality and the parameters in the potential.
In this paper we discuss the Q-balls in the complex signum-Gordon model in the world with
arbitrary dimensions carefully. We present a d-dimensional virial relation for this kind of Q-balls
and the relation will recover to be the Derrick’s theorem when Q = 0. We study these Q-balls to
estimate their properties in the case of large charge and radius and small ones respectively. Our
results are listed in the end.
Here we consider the complex signum-Gordon model with Lagrangian density as follow,
L = ∂µφ+∂µφ− V (φφ+) (1)
where φ is a complex scalar field in (d + 1)-dimensional Minkowski spacetime. The index µ =
0, 1, 2, · · ·, d and the signature is (+,−,−, · · ·). The potential is assumed to be V (φφ+) = λ|φ|
with a global minimum at φ = 0 and the coupling constant λ > 0. As Q-balls this model is
nonperturbative excitation about this global vacuum state carring a net particle number named
charge Q which is conserved. The condition that the energy of the Q-ball EQ is smaller than Qmφ
which is energetically preferred to keep its own stability. The Lagrangian of the complex signum-
Gordon model has a conserved U(1) symmetry under the global transformation φ(x) −→ eiαφ(x).
The associated conserved current should be jµ = −i(φ+∂µφ − φ∂µφ+) and the corresponding
conserved charge is given by Q =
∫
ddxj0. We introduce the ansatz for configurations with lowest
energy,
φ(x) =
1√
2
Φ(x)eiωt (2)
Here the field Φ(x) can be taken to be spherically symmetry and {x} represent the spatial compo-
nents of coordinates. The field equation can be obtained,
(∇2d + ω2)Φ−
λ
2
Φ
|Φ| = 0 (3)
According to Ref. [29] and from Lagrangian density (1) and ansatz (2), the energy for a field
configure in a (d+ 1)-dimensional spacetime can be obtained,
E[Φ] =
∫
ddx[
1
2
(∇dΦ)2 + 1
2
ω2Φ2 + V (Φ2)] (4)
We can also denote the energy in terms of the conserved charge Q as follow,
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EQ[Φ] =
1
2
Q2
〈Φ2〉 + 〈
1
2
(∇dΦ)2〉+ 〈V 〉 (5)
where 〈· · ·〉 = ∫ · · ·ddx. In order to obtain the virial relation we scale the spatial variable x −→ αx
and impose the invariance of energy under scale transformation ∂E
∂α
|α=1 = 0. As a generalization of
Derrick’s theorem the virial relation for Q-balls in a spacetime with arbitrary dimensionality and
written as,
d〈V 〉 = (2− d)〈1
2
(∇dΦ)2〉+ d
2
Q2
〈Φ2〉 (6)
It should be pointed that the Derrick’s theorem can be recovered for Q = 0. Further the absolute
lower bound for Q-balls to be a preferred energy state is shown as Q2 ≥ 2(d−2)
d
〈Φ2〉〈12 (∇dΦ)2〉
because of 〈V 〉 ≥ 0. Combining Eq. (4)-(6), we express the energy density as,
E
Q
= ω(1 +
1
d− 2 + d 〈V 〉
〈 1
2
(∇dΦ)2〉
) ≤ mφ (7)
Only the Q-balls satisfying the condition (7) are stable instead of dispersing. Here we choose,
〈V 〉 = λ√
2
∫
ddx|Φ| (8)
then the formulae mentioned above can be utilized to explore the compact Q-balls of complex
signum-Gordon model in higher-dimensional world analytically and the nonlinear field equation
needs not be solved.
Now in (d + 1)-dimensional spacetimes we work on the complex-signum-Gordon-type Q-balls
which are characterized by large charge and radius. At first we utilize the Coleman issue [3] to
explore the large Q-balls. We choose the field to be a step function which is equal to be a constant
denoted as Φc within the ball and vanishes out side the ball’s volume v. The step-function type
field leads 〈Φ2〉 = Φ2cv, ∇dΦ = 0 and 〈V 〉 = λ2 |Φc|v. From Eq.(5) the model energy is
E =
1
2
Q2
Φ2cv
+
λ√
2
|Φc|v (9)
Having extremized the expression (9) with respect to the volume v, we obtain the minimum energy
and the condition for Q-ball’s stability as follow,
Emin
Q
= 2
1
4 (
λ
Φc
)
1
2 < mφ (10)
The complex signum-Gordon Q-ball can exist if the model parameters are adjusted reasonably.
In order to describe the large Q-balls in the complex signum-Gordon model, we introduce the
field profile,
Φ(r) = { Φc r < R
Φce
−α(r−R) r ≥ R
(11)
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where α is a variational parameter. This kind of function keeps the scalar field to be a constant
like Φc within an area and not to drop to the zero in the larger region whose size is larger than R.
According to large-Q-ball ansatz (11), the energy of model reads,
E =
1
2
Q2
〈Φ2〉 +
1
2
〈(∇dΦ)2〉+ λ√
2
〈|Φ|〉
=
1
2
ω2
cd
d
Φ2cR
d +
1
2
ω2cdΦ
2
c(d− 1)!
d−1∑
k=0
1
k!
1
(2α)d−k
Rk
+
1
2
cdΦ
2
cα
2(d− 1)!
d−1∑
k=0
1
k!
1
(2α)d−k
Rk
+
λ√
2
cd
d
ΦcR
d +
λ√
2
cdΦc(d− 1)!
d−1∑
k=0
1
k!
1
αd−k
Rk (12)
while the conserved charge is obtained,
Q = ω
∫
ddxΦ2
= ω
cd
d
Φ2cR
d + ωcdΦ
2
c(d− 1)!
d−1∑
k=0
1
k!
1
(2α)d−k
Rk (13)
which is the same as that of Ref. [29], here
cd =
2pi
d
2
Γ(d2 )
(14)
The conserved charge is able to replace the frequency ω. We just keep the dominant terms in the
expressions for the energy and this approximation is accurate enough for large Q-balls. Combining
the expression for Q in Eq. (13), we find
EQ ≤ Q
2d
2cdΦ2c
R−d +
cdb√
2d
Rd + (
cdαΦ
2
c
4
+
cdb√
2α
)Rd−1 (15)
where
b = λΦc (16)
It is clear that the model energy depends on the variables R and α not belonging to the model
parameters. We extremise the energy expression (15) with respect to R and α respectively. By
means of performance ∂E
∂R
|R=Rc = 0 we find the equation that the critical radius Rc satisfies,
− Q
2d2
2cdΦ2c
+
cdb√
2
R2d + (d− 1)(cdΦ
2
cα
4
+
cdb√
2α
)R2d−1 = 0 (17)
The approximate solution to Eq. (17) is,
5
Rc ≈ 2−
1
4d (λΦc)
− 1
2d (
Qd
cdΦc
)
1
d − d− 1√
2d
(
αΦc
4λ
+
1√
2α
) (18)
and the solution is valid for large Q-balls. We can also impose the condition
∂EQ
∂α
|α=αc = 0 into
Eq. (15) to find,
αc = 2
3
4 (
λ
Φc
)
1
2 (19)
Substituting the results (18) and (19) into Eq. (15), we obtain the extremised expression for the
energy of large Q-ball,
EQ[Φc]|Rc,αc
Q
≈ 2 14 ( λ
Φc
)
1
2 (1 + ξcQ
− 1
d ) (20)
where
ξc = 2
1
4
( 1
d
−3)c
1
d
d (
d√
λ
)1−
1
dΦ
1
2
(1+ 3
d
)
c (21)
Having compared the results in Eq. (20) with those in Eq. (10), we also declare that the lower
bound on the energy per one particle in large Q-balls is larger than that of Coleman approach. It
should be pointed out that
EQ[Φc]|Rc,αc
Q
is finite within the context of large radius and conserved
charge. We plot the dependence of the minimum energy per unit charge of complex-signum-Gordon-
type Q-ball on the charge with λ = 1 and Φc = 1 for different spatial dimensions in Fig. 1 and show
that the minimum energy per unit charge is a decreasing function of the charge. As the charge Q
becomes extremely large,
EQ[Φc]|Rc,αc
Q
will approach to the value which is just associated with the
model parameters no matter how high the dimensionality is. The Q-ball will possess the larger
EQ[Φc]|Rc,αc
Q
in the higher-dimensional world.
We start to discuss the small Q-balls in the signum-Gordon model in the (d + 1)-dimensional
spacetimes. The small Q-balls with radii R ≥ m−1φ can not be described well by means of thin-
wall approximation. We introduce a Gaussian ansatz in order to consider the small Q-balls in the
complex signum-Gordon model,
Φ(x) = Φce
− r
2
R2 (22)
Substituting the ansatz (22) into the expression (5), we obtain the small Q-ball energy as follow,
E =
∫
ddx[
1
2
ω2Φ2 +
1
2
(∇dΦ)2 + V (Φ2)]
= (
pi
2
)
d
2 [
1
2
(
2
pi
)d
Q2
Φ2c
R−d +
d
2
Φ2cR
d−2 + 2
d−2
2 λ|Φc|Rd] (23)
The energy for small Q-ball in the signum-Gordon model just contains the dominant terms. By
extremizing the expression for the energy with respect to R like
∂EQ
∂R
|R=Rc = 0 we obtain the
equation for the critical radius Rc as,
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R2dc +
d− 2
d
d
2
d+1
2
Φc
λ
R2d−2c −
2
d−1
2
pid
Q2
λ
1
|Φc|3 = 0 (24)
Similarly the approximate solution reads,
Rc ≈ R0(1− d− 2
d
1
2
d+3
2
Φc
λ
1
R20
) (25)
where
R0 = (
2
d−1
2
pid
Q2
λ|Φc|3 )
1
2d (26)
According to the critical radius the energy can be expressed as
E[Φc]|R=Rc
Q
= 2
d+1
4 (
λ
Φc
)
1
2 [1 +
ηcQ
− 2
d
2
− (d− 2)
2
4d2
η2cQ
− 4
d ] (27)
where
ηc =
d
2
d
2
− 1
2d
+1
piλ
1−d
d Φ
3
d
+1
c (28)
The stability of small Q-balls can be held according to Eq. (27). The energy over charge is finite
while the model parameters can be adjusted. The powers of charge Q in the terms are negative,
so the model energy per unit charge will not be divergent as the charge becomes larger. In Fig.
2, for simplicity we also choose λ = 1 and Φc = 1 without losing generality and we show that the
minimum energy per unit charge
E[Φc]|R=Rc
Q
also decreases as the charge increases in the case of small
charge and radius in the background with different spatial dimensions. The higher dimensionality
will lead the larger
E[Φc]|R=Rc
Q
. Certainly here the energy over charge is smaller than that in the
case of large ones.
In this work we investigate the compact Q-balls in the complex signum-Gordon model in the
spacetime with arbitrary dimensionality. The Q-ball properties associated with the background
structure may help us to further investigate our world. This kind of nontopological model is simple
but is enough to contain the properties of Q-balls. We search for the approximate and acceptable
analytical description for characteristics of the compact Q-balls in the complex signum-Gordon
model instead of solving the nonlinear field equations numerically. We find the virial relation for
these kinds of Q-balls. We study the model with V-shaped field potential in the case of large
Q-balls and small ones. We obtain the approximate analytical expressions to show the Q-balls’
energy and radii depending on the spatial dimensionality and the parameters belonging to the
complex signum-Gordon model. The minimum energy per unit charge of the system decreases to
a quantity depending on the system parameters and dimensionality. It should be pointed out that
the accuracy of the approximate analytical expressions can be acceptable.
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Figure 1: The solid, dot and dashed curves of the minimum energy per unit charge of large
Q-balls in the complex signum-Gordon model as functions of charge Q for spatial dimensions
d = 3, 4, 5 respectively with λ = 1 and Φc = 1.
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Figure 2: The solid, dot and dashed curves of the minimum energy per unit charge of small
Q-balls in the complex signum-Gordon model as functions of charge Q for spatial dimensions
d = 3, 4, 5 respectively with λ = 1 and Φc = 1.
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